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' • Abstract 

^ ' We study the long time behaviour of solutions of semi-linear parabolic equation of 

the following type dtu — Au + ao{x)u'^ = where ao(x) > do exp (— ) , do > 0, 



1 > g > and uj a positive continuous radial function. We give a Dini-like condition 

. on the function uj by two different method which implies that any solution of the 

Tlj" I above equation vanishes in a finite time. The first one is a variant of a local energy 

^ method and the second one is derived from semi-classical limits of some Schrodinger 
m ■ , ^ 

■ operators. 
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1 Introduction 



Let n C M , > 1, be a bounded domain with C^-boundary, G ^2. The 
aim of this paper is to investigate the time vanishing properties of generalized 
(energy) solutions of initial-boundary problem to a wide class of quasilinear 
parabolic equations with the model representative: 
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Ut — Au + ao{x)\u\'^ = in i7 x (0, oo), 

1^ = onafix(0,oo), (1.1) 
m(x, 0) = uo{x) on Q, 

where < g < 1, ao(x) > and uq G L2{Q). It is easy to see that if 
cio{x) > £ > 0, then the comparison with the solution of corresponding or- 
dinary equation (ft + £^|</'|'~V = imphes that the solution u{x,t) of (11.11) 
vanishes for t >Tq = e~^{l ~ q)~^\\uo\\]^J ■ The property that any solution of 
problem (II. ip becomes identically zero for t large enough is called the time 
compact support property (TCS-property). On the opposite, if ao(x) = for 
any x from some connected open subset u G Q, then any solution u{x,t) of 
problem (11.11) is bounded from below by a exp{—tX^)ip^{x) on a; x (0,oo), 
where a = essinf^wo > 0, A^^ and ip^ are first eigenvalue and corresponding 
eigenfunction of —A in Wq''^{uj). It was Kondratiev and Veron [T] who first pro- 
posed a method of investigation of conditions of appearance of TCS-property 
in the case of general potential ao > 0. They introduced the fundamental 
states of the associated Schrodinger operator 

/i„ = inf |^(|V^|2+2"ao(x)V'^)cix : t/; G ly^'^(n), J^^'^dx = l^, n G N, 

(1.2) 

and proved that, if 

oo 

^ /i;Mn(^„) < oo, (1.3) 

n=0 

then (11.11) possesses the TCS-property. Starting from condition (11.31) in [2] 
an explicit conditions of appearance of TCS-property in terms of potential 
aQ{x) was obtained. The analysis in f2\ was based on the so-called semiclassi- 
cal analysis [9j, which uses sharp estimates of the spectrum of the Schrodinger 
operator [GjllOIIll] . Particularly, in the case of existence of the radially sym- 
metric minorant 



ao{x)>doexp(^-'^^j^Y-=^i\^\) ^ x e Q, do > (1.4) 
the following statements was obtained in [2]: 

Proposition 1.1 (Th. 4.5 from [2j) In equation (11.11) let ao(a;) = a(|2;|), 
where a(r) is defined by (II. 4p . Let Uo{x) > > Vx C f2 and u{r) — > oo as 
r ^ 0. Then arbitrary solution u of problem (II. ip never vanishes on VL. 

Proposition 1.2 (Corollary of Th. 3.1 in [2J) If in assumption (ll.4p 
ao(x) = a(|x|) and u{r) = r° with < « < 2 then an arbitrary solution of 
(II. ip enjoys the TCS-property. 
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Thus, an open problem is to find sharp border which distinguish two different 
decay properties of solutions, described in Proposition 1.1 and Proposition 
1.2. Moreover, the method of investigations used in [2|ilj exploits essentially 
some regularity properties of solutions under consideration, particularly, sharp 
upper estimates of \\u{x, t) \\loo{^) with respect to t. Such an estimate is difficult 
to obtain or is unknown for solutions of equations of more general structure 
than (11. ip . Particularly, it is absolutely impossible to have any information 
about such a behaviour for higher order parabolic equations. We propose here 
some new energy method of investigations, which deals with energy norms of 
solutions u{x,t) only and, therefore, may be applied, particularly, for higher 
order equations, too. 

We suppose that function u^s) from condition (11.41) satisfies the conditions: 

(Ai) uj{r) is continuous and nondecreasing function Vr > 0, 
{A2) u{0) = 0, uj{r) > Vr > 0. 
{A3) Lo{s)<ujo<oo VsG]R+ 

Our main result reads as follows 



Theorem 1.1 Let uq{x) be an arbitrary function from L2{Bi), let function 
a;(r) from (11.41) satisfy assumptions {Ai), {A2), {A3) and the following main 
condition: 

/UJ f ^) 
ds < 00 {Dini like condition). (1.5) 



Suppose also that uj{r) satisfies the following technical condition 

SLj'{s) 



UJiS 



< 2 - 5 Vs G (0, So), So > 0, 2>5>0. (1.6) 



Then an arbitrary energy solution u{x,t) of the problem vanishes on Q 

in some finite time T < 00. 



In the sequel of the paper we show that the sufficiency of the Dini condition 
(II. 5p for the validity of TCS-property can be proved also by the methods from 
[T|2] if one uses Loo estimates of solution u{x,t) of problem (11.11) . This leads 
to the following result. 

Proposition 1.3 The assertion of Theorem 1.1 holds if the function uo{s) sat- 
isfies conditions {Ai)-{A3), the Dini condition (11.51) and the following similar 
to (11.61) technical conditions: 

io{s)>s^~^ Vs e (0,so), So > 0, 2 >(5 > 0, (1.7) 
the function ^^^^ is decreasing on (0, So). (1-8) 

qZ 
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Remark 1.1 It is easy to check that the function uj^s) = (Ins ^) ^ satisfies 
all the conditions of Theorem 1.1 and Proposition 1.3 for arbitrary (3 > 1. 



2 The proof of main result 



The proof of Theorem II .11 is based on some variant of the local energy method, 
which was developed, particularly in |3Jl4j. First, we introduce the following 
families of subdomains: 

^{t) = ^] n {|a;| > r}, Qf\T) = ^{t) x (s, T), T < oo. 



Definition 2.1 An energy solution of problem (11. ip is the function u{x,t) G 
L2iO,T;W^{n)): g G L2(0,T; (1^2^^))*), u{x,0) = uq, satisfying the follow- 
ing integral identity: 



/ {ut,ip)dt+ (y xU.V x'-p) dxdt+ 1 ao(a;)|M|'^ ^u(pdxdt = (2.1) 

Jo Jnx(o,T) Jnx(o,T) 



'ut,(p)dt+ 

/cx(o,T) ■ ■ ' Jnx{0,T) 

for arbitrary if G L2(0, T; W^{Q)) VT < cx). 



Lemma 2.1 An arbitrary energy solution u of the problem (11.11) satisfies the 
following global a priory estimate 



\u{x,i)\'^dx+ I ^-^^ ^{\Vxu\'^ + adxDlul"^^) dxdt 

< f \uo\'^dx := vo, V£ > 0. (2.2) 
Jn 



Testing integral identity (12.11) by ip{x,t) = u{x,t)^{x), where ^{x) is arbitrary 
C^-function, due to formula of integration by parts we derive the following 
equality: 

2"^ / \u{x,i)\'^Cdx+ [ {\Vxu\'^^ + {VxU,VxOu)dxdt 
Jn Jnx(s,i) 

+ f ao^\u\'^+^dxdt = 2-^ f \u{x,s)\'^^dx, 0<s<i<oo. (2.3) 
Jnx{s,i) Jn 

Let r]{r) G C^(M^) be such that < r]{r) < 1 \fr E R\ r]{r) = if r < 
0, 77(r) = 1 if r > 1. Fix arbitrary numbers r > 0, z/ > and test (12. 3p by 



e(x) = M|x|):=r/(. 



X\ — T 
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Then passing to the hmit ^ we obtain 



2-^ f \u{x,i)\^dx+ f {\V^u\^ + ao{x)\u\''+^)dxdt 
jq{t) Js Jn{T) 

= 2"^/ \u{x,s)\'^dx+ [ [ u^dadt \fi:s<i<oo. (2.4) 
Jn{T) Js J\x\=T on 

From (12.41) with r = 0, s = the necessary global estimate (12.21) follows. 
Further we will denote by c, q different positive constants which depend on 
known parameters of the problem (II. ip only. Let us introduce the energy 
functions related to a fixed energy solution u of problem ( 11.11) : 



H(t,T)= [ \u{x,t)\^dx, j(-)(r)=/_ + a{\x\)\u\''+')dxdt 

Jn{T) JQr'(r) 

(2.5) 

E{t,T) = [ (|V.n(a;,t)p + a(|x|)|u(a;,t)|^+i)dx, 



jW(r) = r f iVM^dxdt. 

Js J\x\=T 



Lemma 2.2 Energy functions (12.51) related to arbitrary solution u of problem 
(II. ip satisfy the following relationship: 



lrr\ 2(1-92) 2 

H{T,t) + iy>{r) < ca(r) 2-(i-«2)(i-'j) ^(s, r) 2-(i-92)(i-9) 

+ Ci a(r)"iTTE'(s, t)^ + ca{T)~'^ J^^\t)'^ 



+ Ca(T) 2-(l-ei)(l-q) j(^^-)2-(l-fli){l-9) 



< 6'i - < 1' ^2 - 2(g+"i)+n(Lq) • (2-6) 



Let us estimate the second term in right hand side of (12.41) . By interpolation 
(see, for example, [7]) we have: 



g-^ 2(i-gi) 

/ \u\^da<dJ f iVM^dx] If \u\^+Ux] 
J\x\=T \Jn{T) J \Jn{T) J 

2 

+ d2(j^ lul'^^^dxY^' Vr > 0, ^1 is from (ES]). (2.7) 
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Using (12.71) we easily arrive at 



J\x\=T V"'l^l=^ / \Jn{T) 



XI/ \u 

Iq{t 



1-01 

2 



1 

9 + 1 



2 



j\x\=T y 



\ 1/2 



/ \^M^dx\ If lul^^^dx] If lul'^^Ux 
Jn{T) I Wc{r) / \Jn{T) 



2{g+l) 



\ 1/2 



\u 



'?+^ dx 



1-q 

2(9+1) 



(2.8) 



From condition (II. 6p the monotonicity of function a{s) from (II. 4p follows 
easily. Therefore we can continue estimating (12.81) as follows: 



/ Iwl I Vx'ul (icr < Ci / iV^wpfia" 

J\x\=r \JM=r J 



(l-g)(l-9l) 



Inir) , 



\ 1/2 



i-g 
4 



a(r) — I /^^ ^(|V^u|^ + a(|x|)|M''+'|)(ia;j 

1/2 / \ 1/2 



+Cia(r)-i/2^^ j^|2^^j \V,u\Uaj U ^a{\x\)\u\''+Ux 



(2.9) 



Integrating (12.91) in t and using the Young inequality with "e" we obtain: 



r/ |m||Vu| rfadt < e ^ (IV^^/P + a(|x|)|u|''+^)cix(it 

Js J\x\=T JQrir) 



+ c{e)a{TY^^-^^^ sup 



+ cie) aiT) 



(r) 

u{x,t)\'^dx\ / / I Vj;Wp (iarft 

s<t<t) \"'n(r) ■ J Js J\x\=T 

l-q 

^ sup ( / \u{x,t)\'^ dx] r [ \V^u\'^dadt (2.10) 

S<t<v\Jn(T) I Js J\x\=T 



with arbitrary v : s < v < T. Let us fix now v = v = v{t, s) such that the 
following inequality holds: 



/ \u{x,v)\'^ dx > 2 ^ sup / \u{x,t)\ 
Jn{T) s<t<TJn{T) 



' dx 



(2.11) 



Inserting inequality ( 12.10p with v = v into (12.4p with t = v and fixing "e" 
small enough we have: 

H{v, t) + Jf )(r) < H{s, r) + ca{Tp^-''^ H{v, r) jf )(t) 

+ caiT)-'Hiv,Ty-^ Ji'^^r), (2.12) 

where jj''^(r) is from (12.51) . Using the Young inequality again we deduce from 
(EUD: 

//(t;,r) +/i'')(r) < 2//(s,r) + ca(r)~2-(i-ei)(i-,) (jM(^))2^(i-9i){i-,) 

+ ca(T)-TT?(jf)(r))Tf?. (2.13) 

Fixing now f = T in fl2.10p and using property (12. lip we obtain the inequality: 

r [ |u||V.M|dadf<eJf)(r) + c(£)a(r)-(i-^i)//(^,r)^^^^^F^ Jf)(r) 

Js J\x\=T 

+ c{e) a(r)-i H{v, r)^ jPir). (2.14) 
By £ = T it follows from (El) due to (EH]) with e = i: 

H{T,T) + iPir) < His,r) + cair)-^'-'^^Hiv,r)''^^ JP{t) 

+ ca{Ty^H{v,Ty-^ jP{t). (2.15) 

From (I2.13P we have 

H{v,ry < cH{s,tY + Ca{T) 2-(i-ei)(i-g) 2^(i-ei){i-,) 

+ ca{ry~{ji''\T))~^ Vz/>0. (2.16) 

Using this estimate with ui = and 1^2 = from (I2.15p we deduce 

that 

H{T,t) + IP{t) < H{s,r) + ca{r)-^^'-''^H{s,TY' jf)(r) 

+ ca(r)-i H{s, rf^ jP{t) + ca(r)"^'"''^('+^^T^^n(T^) 
X (Jf )(r))^+ ^-u-^'^i)(i-.) + ca(r)-(^-^^)-^ (^fHr))^^^ 

-I 2(l-9x)i^2 /T^N 11 2il2 

+ Ca(r) 2-(l-9i)(l-,) (JjT)(^^^|^|i+2_(l_e^,(l_„ 

+ ca(r)"'-^(jf)(r))^+^. (2.17) 
Using the Young inequality we infer from (12.171) 

H{T,t) + IP{t) < 2H{s,T) + ca{r)-^^{jP{T))^^ 

_ 2(l-fli) 2 

+ c a(r)" 2-(i-«i)(i-«) ( J^) (r)) 2-(i-9i)(i-«) . (2.18) 
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Now we have to estimate from above the term H{s, r) in right hand side of 
fl2.18p . Due to the Gaghardo-Nirenberg interpolation inequahty we have 



02 / \ 



\u{x^ s)'^ dx < d^l I \V xuix, s)\^ dx\ / \u{x,s)\'^^^ 
n{T) \JniT) J \JniT) . 



2 

+ dAj^^^\u{x,s)\''^^dxy^\ ^2 is from (EJD, (2.19) 

and constants ds > 0, d^ > do not depend on r as r ^ 0. Taking into 
account the monotonicity of function a(r) we deduce from (12.191) 

/ \uix, s)\^ dx < dz\ I \V xuix, s)\^dx\ / a(|2;|)|u(a;, s)|''"*""'^(i2; 
jq.{t) y^i-r) ) \Jn{T) J 



X «M"^'"''My^^ ^ \u{x,s)\''^'dx 



2 



(l-6)2)(l-g) 
1+9 



2 
9+1 



+ c?4a(r) I a{\x\)\u{x,s)\''^'^ dx 

< ca(r)-(^-^^) / {\\/ ^ a{\x\)\u{x,s)\^^^)dx 
Jn{T) 

(l-92)(l-g) . 2 

u(x,s)\'^dx] +(i4a(r)~i+i / a(|a:|)|u(a;, s)|''+^ ) 

Estimating the first term in the right hand side by the Young inequahty with 
"e" , we have 



2 
9 + 1 



u'^{x, s) dx < ci a{T) 9+1 / a{\x\)\u{x, s)\'^^^ dx 
n{T) \Jn{T) 



2(1-62) 

+ ca(r) 2-(i-92)(i-9) I I ^ ^{\'^^u\'^ + a{\x\)\u{x,s)\'^^'^) dx 



2-(l-92){l-9) 



(2.20) 



Using fl2:20|) in fl2J8|l we obtain the required (K6\i . 
Let us introduce the positive nondecreasing function 

s{t) = t^lu{t)-\ (2.21) 
where oj{t) > is from (II. 2p . Define the energy function 

y(r) = /1J^^)(t), where iP{t) is from ([23]). (2.22) 



8 



Lemma 2.3 The energy function y{T) from f l2.22p is the solution of the fol- 
lowing Cauchy problem for the ordinary differential inequality: 

.M<coE(-|^) V.>0, (2.23) 
y{0)<yo, yoisfrom(^, (2.24) 



where 



Ur) = a{T)s'{T), Mr) = a(r)i-^\ ^r) = a{ry-'^ s' (r) , 
X _ ^ , (l-g2)(l-g) , , (l-gi)(l-g) 

- TT^ ^ - 2-(l-^?.)(l-g) > - 2-(l-^0(l-g) 



It is easy to verify the following equality 




-s'(r) / i\VM^^s{T))f + a{\x\)\u{x,s{T))\^+')dx (2.25) 
Since s'(r) > 0, from (12:251) it follows that 

/ (|V,«(,T,,5(r))p-ta(|i|)|«(x.s(r))|'+')tfc = j;(,5(T),r)<-(,5'(r))-'-f/;[4(r) 

(2.27) 

Inserting these estimates in (12. 6p and using additionally that s'{t) ^ as 
r — > after simple calculations we obtain ODI (12.231) and the initial condition 

Now we will study the asymptotic behavior of an arbitrary solution ?/(r) of 
system (I2.23p . (I2.24p . We have to prove the existence of a continuous function 
f = r(?/o) such that |/(r) < for arbitrary r > f{yo)- Moreover, we have to 
find the sharp upper estimate for the function f{y) as — *■ 0. It is related 
to the optimal choice of the function s(r), defined by (12.211) . Consider the 
following auxiliary Cauchy problem: 

r(r) = 3c„mg{(-I^)"''}, r(0) = ,„>0. (2.28) 

where cq > is from (I2.23p . It is easy to check the following comparison 
property: 

yir)<Y{T) Vr>0, (2.29) 
where ?/(r) is arbitrary solution of the Cauchy problem (I2.23p . (I2.24p . 
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Lemma 2.4 Let Y{t) be an arbitrary solution of the Cauchy problem (12.280 . 
Then there exists a function r(r) < oo Vr > such that Y{t) < Vr > f^yo). 



Let us consider the following additional ordinary differential equations (ODE): 

y/(r) 
Mr) 



Y^{r) =3co{-^^) , z = 0,l,2, (2.30) 



or, equivalently: 



y:ir) = -Ur){ ^V"^' := -^(r, r,(r)). (2.3i; 



3co 

Let us define the following subdomains Qi i = 0, 1,2, 

no = {(r,y) eRl:={T>0, y>0}: Fo(r,y) = min^{F,(r, y)}} 

= {iT,y) G Rl : Fi(r,2/) = mm {i^,(r, y)}}, 
^2 = {(t,2/) G Rl : F2(r,2/) = min^{F,(T, y)}}. 



It is easy to see that 

f2o U f2i U = Rl- 
Due to (KM . (K30h . flCTj) it is easy to see that arbitrary solution Y{t) of 
the problem (12.28^ has the following structure: 

Y{r) = {F,(r) V (r, Y) e Q„ t = 0, 1, 2}, (2.32) 

where Yi{r) is solution of equation (12.301) (or (I2.3ip ). It is easy to check that 

^0 = {{T,y) ■■ y > 3coa(T)~}, 

= [{T,y) : y < 3coa(T)^s'(r) (i-'?)(9i-92) |, s'(r) = 
^2 = {(T.y) : 3coa(T)^s'(r)(i-^)(»i-»2) <y < 3coa(r)^}. 

Therefore the solution Y{t) of the Cauchy problem (12.281) is dominated by 
the following curve: 

if < T < r' 

Y{t) = {Y2{t), if r'<r<r" (2.33) 
if r" < r < r'". 




where r' is defined by equality yo = 3coa(r') ^ 

t'2 2 



a;(TO - i_^(M3co)-lnyo)-\ (2.34) 
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Y2{t) is the solution of the Cauchy problem: 



t" is defined by the equality: 

Y2{r") = 3coa(T")^s'(T")(i-«'(«i-''2). 
Finally, Yi{t) is the solution of the Cauchy problem: 

■Y^{r)\TTxI 



r/(r) = -Mr) 



3co 



, Y,{T") = Y2{r"), 



(2.35) 



(2.36) 



(2.37) 



and t'" is such that yi(r) < Vr > r'" . It is easy to check that the solution 
of flOHl) is 



Y,(t) 



Vo 



1+A2 



A, 



(l + A2)(3co)^-^-' 



ip2{'r') dr 



^2 



ii^Miizi) (i-02)(i-g) r 



?/o 

2(3co)i+^o 
Equation fl2.36p for r" then yields: 



(l-6'i)(l-g) 



(i-eaXi-g) 



. (2.38) 



2(3co)~ 

= (3co)^'"^a(r")^-''^.'(r")^ ( since = 2). (2.39) 

We will say that a(T) ^ b^r), if there exist constant C, which does not depend 
on r, such that 

<C-^a{T) <b{T) <Ca{T) VT:0<T<ro. 
Due to condition (11. 6p it follows easily too: 



(2 + 5)- 



< s'(t) < 



4^3 



Vr > 0. 



(2.40) 



U[T) UJ[T) 

From definition (I2.2ip of s{r) by virtue of (I2.40p and Lemma A.l we deduce 

(1 - e2Mr) 



exp 



r^uj{r) ^ dr 



T iLi[T) exp 



(l-^2)^(r) 



a T 



1 1-^2^,/ 



s'(r))^ Vr : < T < To < 00. 

(2.41) 
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Thus, from (12.390 due to fl2.4ip one obtains the following estimate for r" 

ci^o ' <a{r"Y-'-s'{r"f<c^y, ^ , (2.42) 

where positive constants Ci, C2 does not depend on y^. Now, the solution of 
the Cauchy problem (12.370 is: 



Yi{t)= Y^ir' Y'^'^^' - ^'''\ / a(r)i-''Mr (2.43) 

2(3co)~ 

Thus, t'" is defined by the equation: 

~ , ■■. (l-^l)(l-(7) /■•r'" , ,1 , / ..X 

y2(T") 5 -A iZ^_JlZ / a(r)^~^Mr. (2.44) 

2(3co)~ 

Due to Lemma A.l we have 



2 / „_ , ^ / \ 2 

Mr 



r3 / /3cu(r^- ' ' 



exp(-— -^)) ^ s'(r)'a(r)^-'2 Vr > 0, (2.45) 



yto'(T) v r 
where 1 — ^1 = /3 = 2(g+i)+^(i-g) = -l^^ easy to see that 

j\{rf-^^dr^ j\{rY-^^dr if r 0. 
Therefore due to (12.441) the following inequalities are sufficient conditions for 



t'": 



a[T ) ^S[T ) < C3y2(T ) 2 , r > 2t . 

Finally, by virtue of (I2.38P we obtain the following unique sufficient condition 
which defines r'": 

a{T"T'^^^{T'"f < C42/o~^, (2.46) 
Condition (I2.46P can be rewritten in the form: 

exp(- (^-^-\^,\-i-(-"') ) • exp(-(l - e,)v-^y[r'") 



< C5I/0 ' (2.47) 



with arbitrary 1 > > 0. It is obviously, that the following is a sufficient 
condition for (I2.47P 

exp(^ p;;^^ j < C62/0 , C6 = C6(zv,u;o,C5) 
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r 



ni\2 



<C7(ln?/o ) , cy = C7(c6, z^,cJo), is from (A3). (2.48) 

Thus, the assertion of Lemma [2.41 holds with f(r) defined by: 

C7(lnr-^)-^ Vr > 0. (2.49) 



UJ 



J{r)) 



Proof of Theorem 1.1. Due to Lemma A. 3 from Appendix we can suppose that 

Vq < 1 and f (2/0) < 1. (2.50) 

From definition fl2.23p of function yij) due to Lemma YTM and property (12.291) 
it follows that 

^s(r(3/o))(^(^o)) = for arbitrary T<oo. 
Therefore our solution u{x,t) has the following property: 

u{x,t) = y{x,t) e {\x\>n, t>sin)}, Ti=f{yo). (2.51) 
From identity (12.41) with r = we deduce that 

4 / \u{x,t)\'^dx+ [ {\VMx,t)\'^ + aoix)\u\'^^^) dx < Vt G (s(ri), T). 
at Jn Jn 

(2.52) 



Due to f l2.5ip and the Poincare inequality it follows from f l2.52p : 

H'{t) + -^H{t) < Vt > s(ri), c = const > 0, (2.53) 

where H{t) := H(t, 0), H(t, r) is defined by (12. 9p . constant c > does not de- 
pend on t. Integrating ODI (I2.53P we deduce the following relationship easily: 

H{t + s{n)) < H{s{Ti))exp(^-^^ Vt>0. 

Using additionally estimate (12. 2p with t = s(ri) we deduce: 

H{t + s{n)) <yoexp(-^) Vt > 0. (2.54) 



Define ti > by 



-1 



yoexp(-^) =2/^+^ ^ = ll^^r^, 7 = const > 0. (2.55) 



13 



Due to flMj) from fl235|) it follows that 

ti = —uj(n). (2.56) 

c 

Thus, we have: 

H{ti + s{n))= f \u{x,h + s{n))fdx<yl-^\ 7>0. (2.57) 

So, we finished first round of computations. For the second round we will 
consider our initial-boundary problem fll.ip in the domain Q x [ti + s(ri), oo) 
with initial data (12.571) instead of (12.21) . Repeating all previous computations 
we deduce the following analogue of estimate (12.571) 

H{t2 + sin) + h + sin)) < (2.58) 
where as in (12:^91) and fl235D 

= cMr2)i\ny,^'^'Y' = T^^ir,)i\ny,')-\ = f (yo'+^). (2.59) 

1 + 7 

Analogously to (12.561) we have also: 

t, = Ihy^r^ = (2.60) 

c c 

Now using estimate (I2.58P as a starting point for next round of computations 
we find n, tz and so on. As result, after j rounds we get 

/ i i \ 

,(1+7)^' 



E^^ + E^(^^)) <2/o ^0 as (2.61) 

where 



.1=1 i=l 



Due to condition (As) it follows from (12. 6 z 



2 / CjUoilnyo^) ^ 



;i + ^)-i 

From definition (I2.2ip of function s(r) due to condition (11.60 it follows the 
estimate 

sir) < T^ujiTo)-^T^ Vro > 0, Vr > 0. 
Therefore inequality (I2.62p yields: 



oo 



Y^sin) <c < oo. (2.63) 



i=l 
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Obviously, we have also: ti = ^a;(rj). Therefore, due to fl2.62p we have: 

= < cj^^iCiXl, (2.64) 

i=l *^ i=l i=l 

where C = Ci = r^^rf-r , A = (1 + 7)-^/^ < i_ ^j^ue of 
c ' yinyg ^(1+7) y ' \ < U 

condition (II. 5p it is easy to check that 



Y,^{CiX') ^ In X-^ f^\^^ds <c< 00 WjeN. (2.65) 

From firoi) due to (EJS]), (Km and condition ([L5]) it follows that 

00 00 

H{R) = 0, R = J2t, + J2s{n) < 00, 

i=l i=l 

which completes the proof of Theorem II. 1[ □ 



3 Dini condition (11.51) of extinction in finite time via semi-classical 
limit of Schrodinger operator 



Here we prove Proposition 1.3. We recall the definition of Xi{h) and /i(a;) for 
h > and a > : 

Ai(/i) =inf iVvl"^ + h-^a{\x\)\v\^ dx : veW^'^{Bi), \\v\\l,^b,) = 1^ 



and 



l-q 

fi{a) = Ai(a 2 ). 



We define r{z) = a ^{z) or equivalently z = a{r{z)) and p{z) = z{r{z)y for z 
small enough. We will use the following technical statement 

Lemma 3.1 (Corollaries 2.23, 2.31 in ^) Under assumptions (Ai) — {A^) 
and (11.81) . there exist four positives constants Ci, C2, C3 and C4 such that for 
h small enough, 

Cih-^p-\C2h^) < Xi{h) < C^h-^p-\Cih^). 
Our main starting point in the proof of Proposition 1.3 is the following 
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Theorem A (Th. 2.2 in |2]). Under assumptions (Ai) — {A^), if there exists 
a decreasing sequence (an) of positive real numbers such that 

2 fln(/i(a„)) + In (^] + l] < +00, 

then problem U.l\) satisfies the TCS-property. 

The first step in the proof of Proposition 1.3 is the estimation of in a 
neighbourhood of zero. 

Lemma 3.2 Under assumptions (Ai) — {A3) with (11.71) there holds 

1 



1 + a Vs 



^ < p'Hs) < s\n(- 

2\ \s 



aJo(l+a) 



In 



rV' (3-1) 



for arbitrary a > 0, for all s > small enough. 
First of aU, we prove the following estimate for p{z): 



p{z) In ( - 



LUq 



-1 



< z < p(z) In - 
\z 



-1 



(3.2) 



Starting with r > small enough, we have from (II. 7p the relationship 
r^~^ < uj^r) < ujq and since for z > small enough, 

{r{z)f\n = ujir{z)) =^ r{zf-^ < {r{z))Hn (^^^ < uq. 

Therefore, we obtain 



< r(z) < 



Since is a non decreasing function 
/ 

V 



UJ 



In 



< uj{r{z)) < UJ 



( 



\ 



UjQ 



In 



(3.3) 
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Substituting the definition of uj{r) 



It follows the estimate for p{z 



Z TT^W 



< piz) < Z T^UJ 



By an easy calculation, we have fl3.2p . 

Here and further, z = p~^{s). By using fl3.3l) and p{z) = z{r{z)Y, 



p{z) > z 



In 



1 \^ 11/ n\\-^ 

< - In 



p{z) z \ \z 



or equivalently. 



Let a > 0. Then for z small enough, since ln(ln(2; ^)) << Inz ^, 



Substituting z = p~^{s) in (13. 2p yields 



sin 

and due to (13.51) . 



UJ 



,ln 



p-i{.) 



(1 + a) Vs 



/wo(l + 



V In i 



<p-\s), 



since a; is a nondecreasing function. 

For the right-hand side of (13. ip . we substitute z = p~^{s) in (13. 2p . 
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But from (13. 3p . r{z) — z so we have for z small enough, p{z) < z, which gives 
P~^('S) > s. Consequently, 



Jn 1 



which completes the proof. 

Lemma 3.3 Under (Ai) - (A3) with ([TT]) and ([EH]), zf 



+00 iO 1 r 

'—^ < +00, 



n=no 



n 



then all solutions of (li.ip vanish in a finite time. Moreover, 



E 

n=no 



+00 1^ I r 

, (n Inn) ^ 



< +CX) 



r^dx< +00. (3.7) 

JO X 



n 



(3.6) 



From Lemma 3.3 and Lemma 3.1 we get 



i^iln(^)a; 



( r. \ 



K. 



and since u{r) > for r small enough, we have 



UJ 



which leads to 



UJ 



1x1+^ 

< Ai(/i) < K^lnj- 



C^ln 



< Ai(/i) < C^ln 



h 



(3.8) 



i-1 



The real number a is defined by h = a 2 and thus. 



c';\n 



a 



< /i(a) < Cgln 



a 
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From Theorem A, if («„) is a decreasing sequence of positive real numbers 
and 



E 



In 



— )) 



In I In 



+ In 



a 



+ 1 



71+1 



< +00, 



then all the solutions of (11. ip vanish in a finite time. 

The main point is the sequence (a„). In |2|, they set a„ = 2~". A better choice 



is a„ = n for some K > Q since In ( In ( — 

V Van 

to dSl]). 

Now, we have to show that 



In 



Olr 



Q-n+l 



which leads 



+00 1 r 



n=nQ 



n 



c uj{x) 



X 



(ix < +00. 



The series is finite if and only if 



UJ 



1 



(xlna;)^ 



dx 



l/no 



\ — In X / 



is finite. The following inequalities hold for c > small enough: 



LO[X) , 

^^dx < 

ox JO 



(ix < / ^ — - dx = 2 dx. 



X 



X 



X 



which completes the proof of Proposition 1.3. 



4 Appendix 



Lemma A.l Let the nonnegative nondecreasing function uj{s), s > 0, satisfy 
condition (11.61) . Then for any m / G M^, ^4 > 0, one has 

^ 5"^-M^y+^xp(-^^)ds^r™+ia;(ryexp(-^^^) as r ^ 0. 

(4.1) 

It is easy to check the following equality 

^(s-^Msye.v ( - ^]) = .-.(.)' exp f - 



ds\ \ J r- y g2 J J y g2 



uj{s) V uj{s) 



3J- 

(4.2) 
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Integrating condition (11. 6p we get: 

u{s)>s'^-^ VsG(0,So), (4.3) 
and, as a consequence, — > oo as s — ^ 0. Now due to (11.61) it follows that 

J3>|/i|, /s > I/2I ass->0. 
Therefore, integrating (14. 2 p we obtain (14. ip . 

Lemma A. 2 Let Q be a domain from problem (II. ip . let Qq be a subdomain 
ofVt-.VtQdVt. Then the following interpolation inequality holds 

(^J^v\x)dx^ <ci(^JjVccv\^dx^ + €2(^1^ \v\^ dx^ WveW^{Q), 

(4.4) 

where A : 1 < A < 2, positive constants Ci, C2 does not depend on v. 
We start from the standard interpolation inequality 

(^J^v\x)dx^ <ci(^JjV,,v\^dx^ + 02(^1 Jv\^ dx^ WveW^iQ), 

(4.5) 

It is clear that 



\v\^dx\ < / \v\^dx\ + / \v\^dx\ . (4.6) 
/ V"''^o / \Jn\no J 

Let Q'q be a subdomain of Qq such that Q'q C Qq. let ^(x) > be C^-smooth 
function such that 

e(x) = o VxGryo, ^{x) = i Vxen\no- (4.7) 

Then we have due to the Poincare inequality: 

\ l/A / X 1/A 

v\^dx] < / Iv^l^de 
n\no ' J \Jn\n[j J 

l/A / X 1/A 

<c{ I \Vr(be)\^dx] <ci \Vv\^dx] 



I \VM)\^d3\ <c(f |V 
+ c( f \V^\^\v\^dx\ <ci( f \Vv\^dx\ +02(1 



(4.8) 

From (14. 5 p due to (I4.6p - (l4.8p one obtains (14.40 . Lemma A. 2 is proved. 

Lemma A. 3 Let u{x,t) be an arbitrary energy solution of problem (11.10 . 
Then H{t) = Jq \u{x,t)\'^ dx — > as t ^ oo. 
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It is clear that there exists a constant oq > and a subdomain fio C f2 such 
that a{x) > Oq > for all x ^ Qq. From fl2.54p it follows that 

-f- / \u{x,t)\'^dx+ [ \V^u{x,t)\'^dx + ao f < 0. (4.9) 

at Jn Jn Juo 

Due to Lemma A. 2 we have 



2 

e[ \u\'^dx<eci[ \V^u\'^ dx + ec2l f " Ve > 0. (4.10) 

Jn Jn \Jno J 



Adding (gH) and fICTil) we get 



d 



^u{x,t)\ dx + e \u{x,t)\ dx + {1 — eci) / \Vxu\ dx 
dt Jn Jn Jn 



2 

+ ao/ \u\''+Ux-C2el f ] < 0. (4.11) 

Jno \Jno J 

From fHl9|) it follows that 



J \u{x,t)\^+'' dx < (mesfi)Vf^ \u{x,t)\'^ dx 



q±l 
2 



2+1 

2 . l-o 9±1 



< (mesfi) ^"l^y" \uo{x)\'^ dxj = (mesQ) = C = const Vt > 0. 

(4.12) 

Now due to (14. 12p we have 



ao [ \u{x,t)\'^^^dx-C2el [ \u{x,t)\''^^ dx 
Jno \Jno 



2 

9 + 1 



(x, t) 1"+^ ( ao - C2£ ( / |m(x, t) 1'^+^ cix 



\u 



1+9 



> ^|M(x,t)|^+^dx(ao -cseC^) >0 (4.13) 

if e is small enough, namely, 



e < (4.14) 



Thus, if e satisfies fl4.14p . then from (14.111) it follows that 

4/ \u{x,t)\'^dx + e [ \u{x,t)\'^dx <0 Vt > 0. 
dt Jn Jn 

The last inequality implies the assertion of Lemma A. 3. 
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